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Abstract

To entice customers to purchase, sellers on online platforms often misrepresent the quality

of their goods/services, e.g., by manipulating consumer opinion. Manipulation increases con-

sumers’ perceived valuation, thereby allowing sellers to set higher prices, but also has short- and

long-term ill-effects (e.g., higher product returns and loss of goodwill). We analyze an oligopoly

where sellers, heterogeneous in their true quality, compete by jointly choosing their prices and

their perceived quality (that is manipulable).

We solve for the unique equilibrium when price-setting firms can manipulate their perceived

quality and characterize the set of sellers that manipulate in equilibrium. We identify two indices

– the antipathy and the propensity to manipulate – based on model primitives to identify the set

of sellers who have greater dis-/incentive to manipulate. The extant literature has been mixed in

its findings on which sellers have greater incentive to manipulate. Our work helps reconcile the

differing viewpoints in the extant literature by providing a unified perspective. We demonstrate

the practical relevance of our model by mapping it to an environment consisting of sellers who

are differentiated in a star-rating system based on their true rating and the volume of ratings.

Depending on a seller’s rating and volume of ratings, we identify three distinct regions that

arise: a cost-prohibitive region, a cost-dominant region, and a benefit-dominant region. The

ability to map a seller to one of these regions allows platform managers to understand a seller’s

tendency to manipulate consumer opinion as their product ratings evolve.
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. . . I went to buy a pair of wireless earbuds. After I purchased them I got an email

. . . telling me that they would give me a free wireless charger if (and only if) I gave a 5

star review. I contacted Amazon about it and they said it was against their policy to do

that but they were not going to investigate the matter.

— Customer reports on sellers’ efforts to manipulate ratings (Crockett, 2019).

The seller is obviously incentivizing people to leave positive reviews. Does Amazon

even care? I’m pretty sure nothing will happen to him and he’ll keep outranking me

because I guess I’m dumb enough to play by the rules.

— Seller complains on Amazon Seller Forums (Amazon Seller Central, 2019).

1 Introduction

Internet-enabled marketplaces, e.g., retail platforms like Amazon and Ebay, provide consumers with

not only the ability to engage in trade with sellers, but also a vast amount of information to guide

their purchasing decisions. Information on sellers’ performance is typically user-generated in the

form of consumer opinion or feedback, consisting of reviews and ratings, either on the platform or

other product review forums. A vast literature, both in Marketing and Economics, has shown that

consumers are influenced by such information in their purchase decisions (Chevalier and Mayzlin,

2006; Chintagunta et al., 2010; Mayzlin et al., 2014). Recent estimates by World Economic Forum

(2021) suggest that consumer opinions via online reviews influence $3.8 trillion of global commerce.

In the context of restaurants, Luca (2011) estimates that a 1-star increase on Yelp rating leads to a

5-9% increase in revenues. Besides affecting consumers’ purchase decisions, information on sellers’

performance plays a critical role in the platform’s listing strategy, e.g., in their search rankings.

For instance, Amazon ranks sellers on various performance metrics, and awards the “buy-box” to

their best performing sellers (Chen and Wilson, 2017).1 This virtual word-of-mouth effect can form

a reinforcing feedback loop that sets the sellers apart: those that succeed and those that fail.

Due to the competitive advantage that superior consumer opinion bestows on sellers, it is no

surprise that sellers resort to manipulating these opinions via unfair means. A leading example

through which sellers affect consumer opinion is fake post-for-pay reviews. In its simplest form,

sellers solicit positive opinions that promote their products in exchange for a monetary transfer.

While such manipulation of consumer opinion is illegal, in a recent paper, He et al. (2022) show the

existence of a large and active market for fake reviews. Recent estimates by certain large platforms

show that 4% of online reviews are fake (World Economic Forum, 2021).2

1The buy-box refers to the white box on the right side of the Amazon product detail page, where customers add
items for purchase to their cart. If left unchanged, Amazon assigns the default seller of a product to a top performing
seller. Shoppers rarely browse a product’s other sellers. Being awarded the buy-box is arguably one of the biggest
perks a seller can get on the Amazon marketplace. It is estimated that 82% of a product’s sales go through the
buy-box. See https://www.bigcommerce.com/blog/win-amazon-buy-box/.

2These estimates are based on self-reported data from Trip Advisor, Yelp, TrustPilot and Amazon (World Eco-
nomic Forum, 2021).
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Besides fake reviews, manipulation may be less brazen, e.g., through incentivized reviews, where a

customer is incentivized to provide a positive opinion; common examples of such incentives include

entry into a sweepstake, coupon, or a discount. While incentivized reviews are banned on certain

large platforms, e.g., Yelp and Amazon, other platforms allow for incentivized reviews (Techcrunch,

2017; Yelp, 2017; Federal Trade Commission, 2022). In other cases, manipulation may be completely

innocuous, e.g., by providing additional after-sale services and care. For example, a seller of phone

cases helped customers who ordered an incorrect product to fix the problem proactively, triggering

a high-rating review from the customer (Figure 1a). In another example, a seller offered a full

refund without requiring product return to a buyer posting a quality complaint, and the buyer

subsequently revised the poor review voluntarily without seller request (Figure 1b).

(a)

(b)

Figure 1. High-Rating Review for After Sale Care
Source: https://www.amazon.com

Irrespective of the nature of the manipulation, in all cases, sellers find it costly to manipulate

consumer opinion. In addition, sellers may face platform filters or sanctions that further drive up

the cost of manipulation. For example, Yelp uses automated software tools to identify and remove

reviews that are suspected to have been solicited (Yelp, 2017). Similarly, Amazon uses technology

to identify and delete consumer opinions that are deemed fraudulent on its platform (He et al.,

2022). Beyond the direct costs of manipulation, sellers face additional short- and long-term ill-

effects from manipulation, e.g., through product returns and loss of customer loyalty/goodwill. In

online retail, if what customers get does not match with what they expect, they are more likely to

return the product. Such returns exacerbate sellers’ losses.
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In this paper, we study the competitive landscape for online sellers that sell differentiated yet

substitutable products on a platform. Sellers simultaneously determine their product price and

their manipulation strategy, characterized by the extent to which sellers artificially inflate consumer

opinion. Each consumer chooses the product that yields the highest (perceived) utility among the

available options. Consumer utility depends on product price and the perceived product quality

– that consists of the true quality from the product’s features, and the extent to which the seller

inflates consumer opinion. There are competing arguments relating to which sellers have a greater

incentive to manipulate consumer opinion. Dellarocas (2006) considers a market where a seller

signals their true quality to uninformed consumers via manipulation. They show that manipulation

is increasing in the true quality of the seller if the marginal benefit from higher perceived quality

is increasing in its true quality. That is, if sellers stand to gain more from being perceived as

high quality, then higher quality sellers manipulate more. In contrast, He et al. (2022) find that

manipulation is predominantly employed by lower quality sellers. They argue that, while sellers of

all qualities benefit from manipulation, the higher quality sellers find it a lot harder to manipulate,

as opposed to the lower quality sellers. In this paper, we examine the equilibrium pricing and

manipulation strategy of the sellers in an oligopoly. In particular, when sellers are heterogeneous

in their true qualities, how does the equilibrium price and manipulation effort vary based on the

true product quality? In light of the contradicting findings of Dellarocas (2006) and He et al.

(2022), we explore the dynamics that drive sellers’ manipulation incentives, both in their tendency

to manipulate and in the extent of manipulation.

We also analyze how manipulation affects sellers and consumers. Sellers’ decision to manipulate con-

sumer opinion affects their perceived product quality and their subsequent sales. The equilibrium

product prices and manipulation effort affect the sellers’ revenue. Sellers resort to manipulation

because they expect other sellers also engage in manipulation. Are sellers better off if manipulation

was preventable altogether? Furthermore, in the presence of manipulation, consumers’ true utility

from a product (ex-post purchase) differs from that drives their purchase decision (ex-ante expec-

tation). Are consumers always worse-off due to the presence of manipulation? In this paper, we

build a model that encompasses these considerations when competing sellers jointly choose prices

in the presence of manipulation. We shed light on the effect of consumer opinion manipulation on

market outcomes, and implications for sellers’ and consumers’ welfare.

Before presenting our work, we emphasize that studying manipulation does not imply that we

consent to or endorse such practices. Rather, we believe understanding its impact and its effect on

sellers’ decisions helps platforms and policymakers design strategies and policies that are effective

in curbing unethical practices, reduce trade frictions, and improve market efficiency. Indeed, there

has been significant interest in understanding the effects of manipulation by practitioners (The

Wall Street Journal, 2023) and regulatory agencies, e.g., the FTC (Federal Trade Commission,

2023). Furthermore, the recent growth in Generative AI technologies has made it easier to create

novel and detailed reviews with minimal effort, thereby making it easier for sellers to manipulate

consumer opinion. A recent report by the Transparency Company that analyzed millions of reviews

in home, legal and medical services found that 14% of the reviews were likely fake, and a quarter
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of these reviews were partly or entirely generated by AI (The Fast Company, 2024). The rapid

growth of these technologies have further exacerbated concerns among policymakers (Federal Trade

Commission, 2025). Our work in this paper, on understanding the effects of manipulation on

competition, is crucial to policymakers and managers.

2 Related Literature

This paper is closely related to two streams of literature: (a) models of competition using the MNL

choice model and (b) empirical and theoretical models on firms’ manipulation of consumer opinion.

2.1 A Brief Background on The MNL Choice Model

Discrete choice models are widely used in Economics, Marketing, and Operations Management

(OM) to describe and analyze how consumers choose among a collection of alternatives. These

models assume that consumers are random utility maximizers. The simplest and most studied

discrete choice model is the multinomial logit (MNL) model (McFadden et al., 1973; Berry, 1994).

Arguably, one of the most attractive features of the MNL model is in its empirical support to

estimate model parameters with data. In their pioneering work, McFadden et al. (1973) establish the

concavity of the log-likelihood function in the model parameters. Vulcano et al. (2012) propose an

expectation-maximization (EM) algorithm to incorporate incomplete data (e.g., the “no-purchase”

option) with the MNL model. We borrow these techniques in estimating our consumer choice model

in Section 6 to apply our framework to real-world data.

2.2 Models of Price Competition under the MNL Choice Model

The MNL model has been extensively employed for understanding firms’ pricing decisions in

oligopolistic competition in an economy. Due to the extensive nature of this research stream,

we only mention papers within OM that are closely related to our work. One of the earliest pa-

pers in this stream is Anderson and De Palma (1992). They show the existence of an equilibrium

when symmetric multiproduct firms compete in prices under the MNL demand and conclude that

when all products have equal quality, the equilibrium prices are a fixed markup over the produc-

tion cost. Besanko et al. (1998) and Besanko et al. (2003) propose a framework to empirically

estimate logit demand systems where prices are assumed to be the equilibrium outcomes of Nash

competition among manufacturers and retailers. Their work explains the bias that arises in model

estimates when the endogeneity of prices is ignored. Berry et al. (1995), and subsequently, Berry

et al. (2004), conduct empirical analyses of the US auto industry, where they identify equilibrium

prices under competition and obtain estimates of their demand and cost parameters. Earlier work,

e.g., by Gallego et al. (2006), Bernstein and Federgruen (2004) and Allon et al. (2011), analyze

competitive pricing under the MNL (and MNL-like) demand model, and identify conditions for

the existence and uniqueness of a Nash equilibrium. Farahat and Perakis (2011) study models of

competition for differentiated products, where firms compete either in prices (Bertrand) or quantity

(Cournot), and demand follows the MNL model. They show that the outcomes under Bertrand

and Cournot competition are respectively equivalent to outcomes when decisions are made sequen-
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tially: the Cournot outcome arises when the production decision precedes the pricing decision, while

the Bertrand outcome arises when the pricing decision precedes the production decision. Li and

Huh (2011) extend these models of competition to the case of the nested logit model and provide

quasi-closed form expressions for the equilibrium market share and markups of firms. Gallego and

Wang (2014) identify conditions that ensure a unique equilibrium under the nested logit model

with product-specific price sensitivities. Aksoy-Pierson et al. (2013) and Lee and Çakanyildirim

(2021) study price competition under the mixed MNL model and identify conditions for a unique

Nash equilibrium.

It is important to note that all the aforementioned papers focus exclusively on settings where firms

compete on a single attribute, namely price. We emphasize that the analysis (e.g., properties of

firms’ best-responses) and subsequently the equilibrium outcome of price competition, does not

extend in a straightforward manner to settings where firms compete in multiple attributes. In this

paper, we build on this literature to analyze the competition among multiple sellers on a platform

via both price and manipulation. In this setting, we study the effect of consumer opinion manipu-

lation on market outcomes. In our context, the pricing decision affects the manipulation decision,

which leads to implicit functional dependencies between one seller’s pricing and manipulation de-

cisions and another seller’s pricing and manipulation decisions. The existence and uniqueness

of equilibrium of multi-attribute competition (price-quality or price-manipulation) is thus not a

straightforward consequence of the price competition analysis in the existing literature. For the

same reason, analyzing the comparative statics in multi-attribute equilibrium poses a significant

technical challenge.

In the extant literature, works involving both price and quality decisions focus mainly on a

monopoly. For example, Li et al. (2020) study a product line design problem in which a firm

simultaneously decides on the price and quality of all products in a product line. In their work,

the decision maker – a monopolist – responds to a constant (i.e., non-strategic) outside option;

consequently, their work does not involve an equilibrium analysis.

More recently, Wang et al. (2022) examine product line design with warranty services using an

MNL choice model. Their model and analysis largely focuses on a monopolist that decides price,

quality, and warranty duration, although they offer one result for a competitive setting where each

firm offers one product. Assuming a specific functional form for the unit costs of production for

the products, they identify a unique Nash equilibrium, but show that the equilibrium quality and

duration are the same as that of a monopolist. In this regard, the multi-attribute competition

reduces to a single-attribute competition. In contrast to Wang et al. (2022), we assume a generic

total cost function in our base model. More importantly, the key differences lie in our results and

findings: (a) we show that the multi-attribute competition does not reduce to a single-attribute one.

In the joint pricing and manipulation equilibrium, there are complex inter-dependencies between

pricing and manipulation decisions, and between the manipulation decisions of one seller and those

of other sellers. The equilibrium manipulation of a seller under an oligopoly distinctly differs from

the optimal manipulation under a monopoly; (b) we quantify such inter-dependencies through two
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carefully chosen indices: an index that measures a seller’s antipathy to manipulation and an index

that measures their propensity to manipulate. This allows us to distinguish sellers that manipulate

in equilibrium and those that do not, and show how the set of sellers that manipulate changes

with model parameters; (c) we go beyond just price comparison of the oligopoly setting with the

monopoly setting, and examine how the intensity of competition affects the extent of manipulation.

We present, via analytical results, that competition may induce or prohibit manipulation, and may

increase or decrease the equilibrium extent of manipulation, revealing insights not attainable with

existing models.

2.3 Empirical and Theoretical Models on Manipulation of Consumer Opinion

Since the dawn of e-commerce, one of the most important roles of platforms that match buyers

and sellers has been the provision of information about products and sellers via consumer opin-

ion/feedback, typically absent in offline environments. Such consumer opinion arises via ratings and

review comments that are viewed by subsequent shoppers and influences their purchasing decisions.

For example, Chevalier and Mayzlin (2006) and Luca (2011) quantify the marginal benefit from an

increase in review rating in the context of books and restaurants, respectively. Beyond influencing

other shoppers’ purchasing behavior, consumer opinion plays an important role in platform’s listing

strategy (Chen and Wilson, 2017). As a result, sellers may intentionally manipulate their ratings

in order to be perceived more attractive to entice more consumers. One of the earliest papers in

this stream, Dellarocas (2003), discuss the challenges and opportunities brought by such feedback

mechanisms.

Theoretical work in this stream spans multiple disciplines including OM, Information Systems (IS),

Marketing, and Economics. We discuss papers closest to our work. Dellarocas (2006) analyzes a

market where a seller signals its quality via manipulation. Consumers update their beliefs on the

seller’s true quality based on observed signal (the sum of the true quality, the extent of manipulation,

and a noise term). They show that the extent of manipulation depends on the marginal benefit from

quality: If the marginal benefit is increasing in quality, then the extent of manipulation is increasing

in true quality. Mayzlin (2006) analyzes an environment where sellers use promotional chat and

consumers learn about the seller’s quality. They show that in equilibrium, sellers with inferior

products spend more resources purchasing promotional reviews. Relatedly, Sun (2012) analyzes

the effect of variance in product ratings, and posits that a higher average rating corresponds to

a higher quality, while a higher variance corresponds to a niche product (i.e., extreme in fit).

Empirically, Luca and Zervas (2016) and He et al. (2022) test the economic incentives for firms to

purchase fraudulent reviews and show the presence of a large and active market for manipulation.

Luca and Zervas (2016) show that a restaurant on Yelp is more likely to manipulate if its reputation

is weak. Further, restaurants are more likely to manipulate when the intensity of competition is

strong. He et al. (2022) reach a similar finding that low quality sellers on Amazon are more likely

to manipulate.

Within OM, there has been a growing interest in understanding the impact of consumer opinion

manipulation in platform-enabled marketplaces, predominantly using stylized game-theoretic mod-
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els. Jin et al. (2023) analyze a phenomenon called “brushing”, where sellers may place (fake) orders

to boost their ranking in search results. They find that improvements in technology, either due to

improvements in the platform’s search algorithms, or in preventing brushing may harm consumers.

Relatedly, Chen and Papanastasiou (2021) analyze how a platform’s defensive measures against

manipulation affect a seller’s pricing and manipulation strategy. They find that better defensive

measures may not reduce seller manipulation, and lead to market inefficiency. Finally, Papanas-

tasiou et al. (2023) analyze how disputes (e.g., a malicious review) should be resolved by online

platforms. Relative to intervention by the platform (to delete malicious reviews), they find that

interventions by sellers coupled with a penalty for removing true reviews leads to greater market

efficiency. All these papers address measures to curb manipulation and they adopt stylized game-

theoretic models. Our work differs because we study sellers’ manipulation decisions themselves

along with their pricing decisions in a competitive environment and the resulting market outcomes.

Also, modeling competition using the MNL choice model is empirically well-supported and enables

us to apply our framework to real-world data.

Finally, our work incorporates the short- and long-term ill-effects of manipulation, e.g., through

product returns and loss of customer goodwill. Sahoo et al. (2018) analyze the impact of consumer

opinion on product returns. They show that when products are displayed with a higher average

rating than their true rating, they are returned more often. This shows that mismatches in what

customers expect to get vs. what customers actually get lead to greater returns, a phenomenon we

explicitly incorporate in our model. Further, they show that if a product has a low volume of ratings,

customers buy substitutes in conjunction with the focal product to hedge the fit uncertainty, which

further leads to greater returns. This observation highlights the sellers’ need for manipulation in

its nascent stage, which is also reflected in our model as a special case, while, more generally, we

identify a comprehensive set of conditions for manipulation.

The main results from the extant literature show the polarity in the types of sellers engaged in

consumer opinion manipulation. That is, either high-quality sellers or low-quality sellers choose to

manipulate, which appears to be contradicting. In addition, little is known about how sellers “in

the middle” react. In this paper, we analyze how sellers’ decisions to manipulate affects their prices

under multi-seller competition when demand follows the MNL model. First, we identify a unique

Nash equilibrium in an oligopoly, deriving the (quasi) closed-form expressions for the equilibrium

markup and manipulation level. We then identify an index to measure a seller’s propensity to

manipulate and an index to measure antipathy to manipulate and show how firms’ tendency to

manipulate may change with firms’ true rating, depending on the cumulative volume of true reviews.

Eventually, we investigate the conditions where firms and consumers may gain benefits or be hurt

by review manipulation. We apply our theoretical results using real-world data from Wang et al.

(2014) to better understand firms’ manipulation strategy.
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3 Model

Consider a platform-enabled marketplace, consisting of n competing sellers, indexed by i ∈ [n],

where we denote the set {1, 2, . . . , n} by [n], and a mass of potential consumers, normalized to

1. Each seller markets and sells a product with true quality ai, unit cost ci, and chooses price

pi.
3 A representative consumer purchases exactly one product from the [n] ∪ {0} products, where

0 represents the no-purchase option. The consumer’s perceived utility from purchasing product i

depends on the following: the perceived quality of the product – the sum of true product quality ai

and the extent of manipulation xi – and the price. Specifically, the perceived consumption utility

from product i is as follows:

ui = ai + xi − bpi + ϵi, (Perceived Consumption Utility) (1)

where ϵi is an i.i.d standard Gumbel random variable and b is a price sensitivity parameter.4 We

normalize E[u0] = 0.

From our model of the perceived consumption utility in (1), the purchase incidence for seller i,

denoted by q0i , follows from the standard MNL model. That is,

q0i =
eui

1 +
∑

j∈[n] e
uj
. (Purchase Incidence)

Next, to model the short- and long-term negative effects of manipulation – e.g, through loss of

reputation, impact on future purchase incidence, return of purchased goods, etc. – on the market

share of seller i, we adopt the following multiplicative model as a “reduced form” approach for the

effective market-share of firm i:

qi = q0i︸︷︷︸
Purchase Incidence

× e−dxi︸ ︷︷ ︸
1 - Return Incidence

. (Market Share) (2)

Henceforth, we refer to any downside/ill-effects of manipulation by “return incidence”. In (2),

the quantity d signifies the degree to which manipulation affects customers’ return incidence, with

d = 0 representing the extreme case that manipulation has no return incidence and d = ∞ the case

when any manipulation leads to guaranteed return incidence. For a theoretical grounding of (2),

assume that a consumer’s “tolerance” of manipulation Y (e.g., due to bounded rationality) follows

an exponential distribution with mean 1
d . Then, the probability that the consumer return’s the

product is Pr [Y ≤ xi] = 1 − e−dxi . In this case, d = 0 (resp., d = ∞) represents infinite (resp.,

zero) tolerance to manipulation. It is easy to verify that if d > 1, the sellers have no incentive to

manipulate, thus we focus on the case when d ∈ [0, 1]. Let hi(xi) denote the cost of manipulation

3We refer to the product of seller i by product i. We use the terms seller and firm interchangeably.
4Indeed, among the consumers of seller i, the realized consumption/material utility (i.e., excluding the manipu-

lated portion xi) is:
uc
i = ai − bpi + ϵi. (Realized Consumption Utility)
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for seller i. The profit of seller i, denoted by πi, is as follows:

πi = (pi − ci)qi︸ ︷︷ ︸
Profit from Direct Sales

− hi(xi)︸ ︷︷ ︸
Cost of Manipulation

(3)

An equilibrium of this game consists of the pair price pi and the extent of manipulation xi for

each seller i ∈ [n] such that no seller has an incentive to deviate. That is, (pPMi , xPMi )i∈[n] is an

equilibrium if the following holds:5

(pPMi , xPMi ) ∈ arg max
(pi,xi)∈ℜ+2

πi

(
pi, xi

∣∣∣pPM
−i ,x

PM
−i

)
for each i ∈ [n].

For ease of notation and to simplify our exposition, we denote the profit margin (markup) of seller

i by mi, i.e., mi = pi− ci. Since ci, i ∈ [n], is fixed and common knowledge, we employ mi as seller

i’s decision (instead of pi). Next, define Ai as Ai = eai−bci . We refer to Ai – the cost-adjusted

quality of seller i – as the type of seller i, and refer to a seller with a higher value of Ai as a higher

type. We rewrite seller i’s market-share from (2) as follows:

qi =
eai+(1−d)xi−b(mi+ci)

1 +
∑

j∈[n] e
aj+xj−b(mj+cj)

=
Aie

(1−d)xi−bmi

1 +
∑

j∈[n]Ajexj−bmj
(4)

Together, we express seller i’s profit in (2) as follows:

πi = mi

 Aie
(1−d)xi−bmi

1 +
∑

j∈[n]Ajexj−bmj︸ ︷︷ ︸
=qi

− hi(xi). (5)

The unit production cost ci and manipulation xi do not need to be observable (public information),

as the market share of each seller depends on the observed price (i.e., the sum (mi + ci)) and the

perceived quality (i.e., the sum (ai+xi)) of other sellers but not their cost and manipulation directly.

Each seller responds to the observed prices and perceived quality of other sellers by choosing its

markup and manipulation to maximizes its own profit; once no seller can increase their profit by

unilaterally deviating, an equilibrium is reached.6

We make the following assumption on the cost of manipulation.

Assumption 1 (Cost of Manipulation). The cost of manipulation hi(x), i ∈ [n] satisfies the

following:

5We use the superscript PM to denote the equilibrium outcome in the presence of manipulation.
6Essentially, each seller responds to the observed values pi = mi + ci and âi = ai + xi of other sellers without

directly observing mi and xi despite that qi is written as a function of the markup vector and manipulation vector.
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(a) hi(x) is smooth, non-negative, increasing and strictly convex in x ∈ ℜ+, i.e., hi(x) ≥
0, h′i(x) ≥ 0, h′′i (x) > 0 for x ≥ 0 with hi(0) = 0.

(b) h′′i (x) ≥ h′(x) for all x ∈ ℜ+.

Part (a) is straightforward and assumes that it becomes increasingly more difficult to manipulate.

Part (b) states that the cost function is sufficiently convex, a regularity condition that ensures πi is

well-behaved (this condition helps us identify a unique equilibrium through f.o.c’s). In particular,

part (b) can be simplified to hi(x) ≥ h′i(0) (e
x − 1). While part (b) might appear restrictive at

first sight, we note that this assumption applies to cost as a function of the resulting increment in

perceived quality x, not that of the manipulation input. In Section 5, we will show that a quadratic

cost function in terms of the number of solicited reviews (i.e., when a seller faces linear marginal

costs to solicit fake reviews) satisfies the above assumption.

To begin with, we present two benchmarks: (a) the absence of any seller-manipulation (denoted

by AM), and (b) the absence of competition, i.e., a monopoly (denoted by AC). Subsequently, we

analyze the outcomes in the presence of seller-manipulation (denoted by PM).

Absence of Seller Manipulation (AM): In the absence of manipulation (xi = 0 for all i ∈ [n]),

sellers compete only on prices. It has been established in the literature that this game admits a

unique equilibrium (Li and Huh, 2011). We present the equilibrium outcome in this setting below.

Theorem 1 (Equilibrium Outcome under AM). Let γ̂AM ∈ (1,∞) be the unique solution to the

following equation:

1− 1

γ̂AM
=
∑
j∈[n]

f−1

(
Ai

γ̂AM

)
, (6)

where f(z) ≜ ze
1

1−z . The equilibrium market-share and markup of seller i is:

qAMi = f−1

(
Ai

γ̂AM

)
and mAM

i =
1

b(1− qAMi )
. (7)

Absence of Competition (AC) Another useful benchmark is the absence of competition, i.e.,

the scenario of a monopolist seller (n = 1), which we denote by AC. The seller faces the following

two-dimensional optimization problem:7

max
m,x

π, where π = m

(
Ae(1−d)x−bm

1 +Aex−bm

)
− h(x). (8)

For notational convenience, we define the following. Suppose h′(0) < (1−
√
d)2

b .

(a) Let q and q (with q ≤ q) denote the roots to the following equation:

q

b

(
1− d

1− q

)
= h′(0) =⇒ q, q =

1− d+ bh′(0)

2
± 1

2

√
(1− d+ bh′(0))2 − 4bh′(0). (9)

7We drop the subscript i since n = i = 1.
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We illustrate the roots in Figure 2.

0.2 0.4 0.6 0.8 1

0.2

0.4

0.6

d = 0 d = 0.1

d = 0.2

d = 0.3

increasing d

q

bh′(0)

q q

Figure 2. Plot of q
(
1− d

1−q

)
for d ∈ {0, 0.1, 0.2, 0.3}. For the case of d = 0.1 and a given value of

bh′(0) (=0.18), the values of q and q (resp., 0.205 and 0.874) are also shown.

(b) Let γ and γ denote the following:

γ =
A

f(q)
and γ =

A

f(q)
. (10)

Next, we define two functions ĥ(·) and g(·) below.8

ĥ(x) = h′(x)edx (11)

g(z) =


f(z) if z ∈ [0, q) ∪ (q, 1]

f(z)e−ĥ−1( z
b (1−

d
1−z )) if z ∈ [q, q]

if h′(0) < (1−
√
d)2

b .

f(z) if h′(0) > (1−
√
d)2

b

(12)

It is straightforward that ĥ(x) is increasing and convex in x by Assumption 1. In Lemma B1

in Appendix B, we show that g(z) is continuous and increasing in z. The optimal pricing and

manipulation for the monopolist seller is presented in the result below.

Theorem 2 (Optimal Decisions under AC). Let γ̂AC ∈ (1,∞) be the unique solution to the following

equation.

1− 1

γ̂AC
= g−1

(
A

γ̂AC

)
.

8The quantities in (9)-(10) are defined for the seller if and only if h′(0) < (1−
√
d)2

b
. The quantities in (11)-(12)

are always well-defined.
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The seller manipulates if and only if the following holds:

h′(0) <
(1−

√
d)2

b
and γ̂AC ∈ [γ, γ]. (13)

The optimal markup and manipulation is:

mAC =
1

b
(
1− g−1

(
A
γ̂AC

)) , and xAC =


0 if (13) does not hold

ĥ−1

(
g−1

(
A

γ̂AC

)
b

(
1− d

1−g−1
(

A

γ̂AC

)
))

if (13) holds

The resulting market-share is qAC = g−1
(

A
γ̂AC

)
e−dxAC

.

The first part of Theorem 2 highlights two deterrent forces – the cost of manipulation and the risk of

returns – that make manipulation unappealing. The second part identifies the optimal decisions for

the monopolist. Below, we build on these observations to identify the sellers’ equilibrium decisions

in a competitive oligopoly.

4 Presence of Seller Manipulation (PM)

From Theorem 1, we have that in the absence of manipulation, a seller with a higher type has

a higher equilibrium margin, market share and profit. The result aligns well with the typical

observation that stronger sellers do well in a competitive market. Now, suppose that sellers can

manipulate their perceived quality. Are the high-type sellers less inclined to engage in quality

manipulation because they are doing well, or are they compelled to dominate the market even

more when given the chance to further elevate the market’s perception of their quality, barring

legal and moral obstacles? Recall from the discussion in Section 2.3 that the findings in the extant

literature has been limited but mixed. Dellarocas (2006) argue that higher quality sellers have a

greater incentive to manipulate while He et al. (2022) show empirical evidence that manipulation

is predominantly employed by lower quality sellers. While these insights are derived either from

a stylized theoretical setting or obtained from evidence in a particular data set, we examine the

same question by evaluating a multi-seller price competition under the empirically-supported MNL

demand model. We present two measures – a seller’s “propensity to manipulate” that identifies

their upside/benefits from manipulation, and their “antipathy to manipulate” that marks their

downside due to manipulation through higher return incidence – that unify the theoretical and

empirical observations in the literature and shed new insights.

When a seller begins to manipulate, their perceived quality increases, affecting customer choice and

disturbing any market equilibrium. Others will respond and their response is two-pronged - they

may manipulate their own perceived quality and/or they may adjust their prices. These actions

will in turn trigger a new round of responses until an equilibrium, if one exists, is reached. Consider

seller i. Recall seller i’s profit in (5). Fix the decisions of all sellers other than i, i.e., (m−i,x−i).

We analyze seller i’s best response (mi, xi).

12



Lemma 1 (Best Response of Seller i). Fix (m−i,x−i). Let mi(xi) denote the unique solution to

the following univariate (fixed-point) equation in mi:

mi =
1

b

(
1 +

Aie
xi−bmi

1 +
∑

j ̸=iAjexj−bmj

)
. (14)

Let q0i (xi,mi(xi)) ≡ q0i (xi).

(a) Optimal Manipulation xi: The optimal x⋆i is unique and as follows:

(i) If
q0i (0)
b

(
1− d

1−q0i (0)

)
≤ h′i(0), then, x

⋆
i = 0.

(ii) Otherwise, x⋆i is the unique solution to the following equation:

q0i (xi)e
−dxi

b

(
1− d

1− q0i (xi)

)
︸ ︷︷ ︸
Marginal Benefit from Manipulation

= h′i(xi)︸ ︷︷ ︸
Marginal Cost of Manipulation

. (15)

(b) Optimal Markup mi: The optimal markup m⋆
i can be identified by substituting x⋆i (from

above) to solve for mi in (14).

Underlying (15) are tensions between two sets of competing forces: (a) the tension between the cost

and benefit from manipulation identified in (15) that is relatively straightforward; (b) more subtly,

the tension in the marginal benefit from manipulation between the purchase incidence and the

return incidence. As shown in the l.h.s. of (15), the benefit from manipulation is partly nullified

from a higher value of d. We remark that the cost of manipulation may not be homogeneous,

and might depend on the seller’s type. All of these forces make it hard to predict which sellers

manipulate. In what follows, we identify the equilibrium outcome and, subsequently, develop two

indices that help identify the set of sellers that manipulate.

4.1 Equilibrium Outcome

Let xPM and mPM denote the equilibrium manipulation and markups, respectively. Let X denote

the set of sellers that manipulate in equilibrium, i.e.,

X = {i : xPMi > 0}. (16)

If the marginal cost of manipulation h′i(0) for all i ∈ [n] is too large, then no seller chooses to

manipulate (i.e., the set X is empty), and the equilibrium outcome under PM is identical to that

under AM. For a non-trivial outcome under PM, we make the following assumption.
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Assumption 2 (Non-Trivial Outcomes). There exists some seller i ∈ [n] s.t.

h′i(0)︸ ︷︷ ︸
marginal cost of manipulation

at xi = 0

<
qAMi

b

(
1− d

1− qAMi

)
︸ ︷︷ ︸

marginal benefit from manipulation to

seller i at xi = 0, x−i = 0

. (17)

The l.h.s. in (17) is the marginal cost of manipulation at xi = 0, while the r.h.s. is the marginal

benefit from manipulation at xi = 0, x−i = 0, where qAMi is the equilibrium market share in the

absence of manipulation. Assumption 2 implies that, there exists at least one seller i such that,

if no other seller were to manipulate, seller i has a strict incentive to manipulate. Consequently,

under this assumption, the absence of manipulation does not constitute an equilibrium outcome.

Analogous to (9), (10), (11), and (12), define the quantities q
i
, qi, γi, γi, ĥi and gi for each firm

i ∈ [n].9 In Theorem 3 below, we identify the equilibrium outcome of the price-manipulation

game. Subsequently, we interpret and demonstrate the usefulness of the two indices – γ
i
and γi –

in Section 4.1.

Theorem 3 (Equilibrium Outcome under PM). Let γ̂PM ∈ (1,∞) denote the unique solution to

the following equation:

1− 1

γ̂PM
=
∑
i∈[n]

g−1
i

(
Ai

γ̂PM

)
. (18)

(a) (Equilibrium X) In equilibrium, seller i manipulates (i.e., i ∈ X) if and only if the following

holds:

h′i(0) <
(1−

√
d)2

b
and γ̂PM ∈

(
γ
i
, γi

)
. (19)

(b) (Equilibrium mi and xi) The equilibrium markup and manipulation of seller i are

mPM
i =

1

b
(
1− g−1

i

(
Ai

γ̂PM

)) , and

xPMi =


0, if (19) does not hold

ĥ−1
i

(
g−1
i

(
Ai
γ̂PM

)
b

(
1− d

1−g−1
i

(
Ai
γ̂PM

)
))

, if (19) holds
(20)

The equilibrium market share of seller i is

qPMi = g−1
i

(
Ai

γ̂PM

)
e−dxPM

i . (21)

Theorem 3 makes two observations. Part (a) identifies the necessary and sufficient conditions for

a seller to manipulate, while part (b) identifies the equilibrium decisions of each seller and their

9These quantities depend on i through the seller type Ai and the cost of manipulation hi(·).
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resulting market-share. Depending on the cost of manipulation and their respective antipathy and

propensity to manipulate, we categorize a seller into one of the following:

(a) Cost-Prohibitive: It is prohibitively expensive for seller i to manipulate if h′i(0) >
(1−

√
d)2

b .

To see this, observe that the r.h.s. in (17) is bounded from above by (1−
√
d)2

b . In this case, it is

a dominant strategy for seller i to never manipulate (independent of other sellers’ strategies).

(b) Cost-Dominant: Suppose h′i(0) <
(1−

√
d)2

b . Seller i does not manipulate if either γ̂PM ≤ γ
i

or γ̂PM ≥ γi. The former arises due to greater downsides of manipulation through greater

returns, while the latter arises due to low upside benefits of manipulation. Observe that

both cases arise due to the market environment/microstructure, i.e., it depends on the exact

competitive environment a seller operates in.

(c) Benefit-Dominant: Suppose h′i(0) < (1−
√
d)2

b and γ̂PM ∈ (γ
i
, γi), i.e., (19) holds. Seller

i has a high benefit from manipulation and low downsides from manipulation, typical for

moderate-sized sellers. Part (a) of Theorem 3 shows that only the benefit-dominant sellers

manipulate.

In what follows, we demonstrate how the two indices γ
i
and γi can be interpreted as a seller’s

(relative) antipathy and propensity to manipulate, and help demonstrate its importance in under-

standing market outcomes.

4.2 Interpreting the Indices: Antipathy and Propensity to Manipulate

From part (a) of Theorem 3, observe that for seller i to manipulate in equilibrium, we require that

γ
i
< γ̂PM < γi. We interpret γi as seller i’s propensity to manipulate due to the upside/benefits

of manipulation, while γ
i
as seller i’s antipathy to manipulation due to the downside/ill-effects of

manipulation. If γ
i
and γi are both high, or both low, part (c) of Theorem 3 states that seller

i does not manipulate. On the other hand, if γi is high, and γ
i
is low, then seller i chooses to

manipulate.

Further, Lemma 2 below shows how the two indices change with underlying changes in the param-

eters of the environment.

Lemma 2 (Comparative Statics of γ and γ). All else equal, we have the following:

(a) (Effect of Manipulation-Driven Returns) The antipathy (resp., propensity) to manipu-

late is increasing (resp., decreasing) in the likelihood of return incidence, i.e., γ
i
(resp., γi)

is increasing (resp., decreasing) in d.

(b) (Effect of Seller Type) The antipathy and propensity to manipulate are increasing in the

cost-adjusted quality (type) of a seller, i.e., γ
i
and γi are increasing in Ai.

4.3 Effect of Competition
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To highlight the effect of competition, we analyze the equilibrium outcome under a symmetric

oligopoly with n sellers. The analysis of this symmetric oligopoly allows for several useful compar-

ative statics. We interpret the number of sellers n as the intensity of competition. Since all sellers

are identical, we drop the subscript i and index the scenarios with n.

Corollary 1 (Symmetric Oligopoly). Let γ̂Sym denote the value of γ̂PM (defined in (18)) under a

symmetric oligopoly with n sellers, i.e., γ̂Sym ∈ (1,∞) is the unique solution to the following:

1− 1

γ̂Sym
= ng−1

(
A

γ̂Sym

)
.

(a) γ̂Sym is increasing in n.

(b) Sellers manipulate in equilibrium if and only if the following holds:

h′(0) ≤ (1−
√
d)2

b
and

1

q

(
1− f(q)

A

)
< n <

1

q

(
1−

f(q)

A

)
. (22)

(c) The equilibrium outcome follows from substituting γ̂Sym in (20)-(21) in Theorem 3.

If n = 1, Corollary 1 reduces to Theorem 2. From part (b) of Corollary 1, observe that greater

competition may encourage or discourage manipulation. If competition is too weak (resp., too

intense), i.e., n ≤ 1
q

(
1− f(q)

A

)
(resp., n ≥ 1

q

(
1− f(q)

A

)
), then sellers do not manipulate in equilib-

rium. In the former case, the downside/ill-effects from manipulation is too large for the seller to

manipulate (equivalently, the antipathy index γ is too high); in the latter case, the upside/benefits

from manipulation is too low for the seller to manipulate (equivalently, the propensity index γ is too

low). The scope of manipulation decreases with d. That is, the lower bound in (22), 1
q

(
1− f(q)

A

)
,

is increasing in d while the upper bound, 1
q

(
1− f(q)

A

)
, is decreasing in d.

Further, the effect of an increase in the intensity of competition on seller manipulation depends on

the type of the seller, and is in general, not monotone. As an illustration, we contrast the outcomes

when the number of sellers goes from n = 1 to n = 2 (a monopoly to a symmetric duopoly).

• If A ∈
(
f(q)

1−q ,min
{

f(q)
1−q ,

f(q)

1−2q

})
, then competition discourages manipulation in that a mo-

nopolist seller manipulates, but the seller does not do so in the presence of an identical

competitor.

• If A ∈
(
max

{
f(q)

1−2q ,
f(q)
1−q

}
, f(q)
1−2q

)
, then competition encourages manipulation in that a mo-

nopolist seller does not manipulate, but the seller manipulates in the presence of an identical

competitor.

We formalize this insight in the result below.

Lemma 3 (Comparison of an Oligopoly with a Monopoly). Consider a symmetric oligopoly with

n sellers and suppose that h′(0) < (1−
√
d)2

b and A >
f(q)

1−q .
10

10These two conditions ensure that the absence of manipulation is not the equilibrium; see (22).
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(a) (Competition Discourages Manipulation) Suppose A < f(q)
1−q . Then, manipulation occurs

under a monopoly (n = 1), while under a symmetric oligopoly, manipulation occurs iff n <
1
q

(
1− f(q)

A

)
.

(b) (Competition Encourages Manipulation) Suppose A > f(q)
1−q . Then, manipulation does

not occur under a monopoly (n = 1), while under a symmetric oligopoly, manipulation occurs

iff the number of sellers satisfies n ∈
(
1
q

(
1− f(q)

A

)
, 1q

(
1− f(q)

A

))
.

The conditions described above explain how competition affects sellers’ equilibrium decision to

manipulate. The next result further establishes how the extent of manipulation, i.e., the magnitude

of x, is affected by competition.

Lemma 4 (Extent of Manipulation with n). Suppose h′(0) < (1−
√
d)2

b and A >
f(q)

1−q . As the number

of sellers n increases, the equilibrium extent of manipulation xPM is increasing (resp. decreasing)

in n if and only if 1
q

(
1− f(q)

A

)
< n < 1−g(1−

√
d)/A

1−
√
d

(resp. 1−g(1−
√
d)/A

1−
√
d

< n < 1
q

(
1− f(q)

A

)
).

In other words, as competition intensifies (n increases), manipulation intensifies initially and then

declines. As n increases, each seller expects to earn a smaller market share. Consequently, while

the benefit from manipulation dwindles, the ill-effects of manipulation also become more muted due

to the smaller market share. The former effect dominates if n is smaller, while the latter dominates

if n is larger.

4.4 Asymmetric Sellers

In this section, we expand on our main results by analyzing asymmetric settings, where firms differ

based on their types, their costs of manipulation, or both. Specifically, in the last part, we analyze

a log-separable cost of manipulation. The results in these special cases encompass a variety of

findings espoused in the extant literature, as well as providing new insights made possible in our

unified framework.

Homogeneous Cost of Manipulation: Under a homogeneous cost of manipulation, say hi(x) =

h(x) for all i, observe that the denominators of γ
i
and γi are fixed for all i. To identify the equilib-

rium X, from part (a) of Theorem 3, it follows that i ∈ X if and only if f(q)γ̂PM ≤ Ai ≤ f(q)γ̂PM.

Accordingly, we have the following result.

Lemma 5 (Sellers that Manipulate are Contiguous). Suppose that the cost of manipulation is

identical for all sellers, i.e., hi(x) = h(x) for all i. Suppose A1 ≤ A2 ≤ . . . ≤ An. Then, the set X

is contiguous, i.e., X is of the form {i, i+ 1, . . . , j} for some 1 ≤ i ≤ j ≤ n.

Observe, from Lemma 5, that under a homogeneous cost of manipulation, a seller with a higher

(resp., lower) type is more (resp., less) inclined to manipulate, but also faces a higher (resp., lower)

antipathy to manipulate. Consequently, the set of sellers who manipulate in equilibrium are “in the

middle”. Nonetheless, if i = 1, then, X is downward-closed, which is consistent with the findings
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in He et al. (2022); if j = n, then, X is upward-closed, which is consistent with the findings

in Dellarocas (2006). Even our special case encompasses both the perspectives proposed in the

literature thus far.

Homogeneous Types of Sellers: Under homogeneous seller types, say Ai = A for all i, recall

from the definition of γ
i
, γi that the numerator is identical for all i. It suffices to rank order the

marginal manipulation cost.

Lemma 6 (Sellers with Lower Manipulation Costs Manipulate More). Suppose that the types of

sellers are identical, i.e., Ai = A for all i. Suppose h′1(x) ≥ h′2(x) ≥ . . . ≥ h′n(x) for all x ≥ 0. The

set of sellers that manipulate is of the form {i, i+ 1, . . . , n} for some i ∈ [n].

Lemmas 5 and 6 are special cases under which we glean, respectively, how seller quality and cost

affect their equilibrium manipulation behavior. Lemma 6 brings the effect of manipulation cost into

focus. In practice, sellers vary both in cost and in quality. More generally, their cost and quality also

interact. That is, their cost of manipulation can depend on their true quality. In online retailing,

for example, customer review ratings are usually capped at 5-star, and if high quality has already

helped a seller achieve a high rating, further improvement through manipulation is increasingly

difficult and expensive. Below, we consider a log-separable cost function that is quality-dependent.

Log-Separable Cost Functions: Suppose that the cost of manipulation depends on a firm’s

cost-adjusted quality A in the following log-separable form:

h(x;A) = H(A)h(x), (23)

where h(·) satisfies Assumption 1, and H(·) is continuous and non-negative over ℜ+. Consequently,

hi(x) = H(Ai)h(x). Define the type-elasticity of the cost of manipulation as follows:

εA =
∂ logH(A)

∂ logA
.

The type elasticity of the cost of manipulation determines the increase in the cost of manipulation

with an increase in the type of the seller. To isolate the effect of quality A and cost h, we let d = 0.

Lemma 7. Suppose d = 0, and A1 ≤ A2 ≤ · · · ≤ An. Under the log-separable cost function in

(23), we have the following distinct outcomes:11

(a) γi is increasing in Ai iff the following condition holds: εA < 1
1+ z

(1−z)2
, where z = bh′(0)H(A).

Consequently, X is upward-closed in [n] iff the above condition holds.

(b) γi is decreasing in Ai if εA > 1. Consequently, X is downward-closed in [n].

While higher quality sellers gain more from manipulation, the type elasticity of the cost of manipu-

lation, εA, determines the increase in the cost of manipulation with an increase in the seller’s type.

11Recall that if d = 0, γ
i
= 0.
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Part (a) of Lemma 7 shows that if εA is small, then sellers with higher types manipulate. Part (b)

of Lemma 7 shows that if εA is large, then sellers with lower types manipulate. For d > 0, an ana-

lytical evaluation of the equilibrium outcome under the log-separable cost function is challenging.

In Figure 3 below, we demonstrate the equilibrium outcome using numerical experiments.

λ = 0.1

λ = 0.01

Figure 3. Post-Return Market-Share and Manipulation in a Duopoly under a Log-Separable Cost
of Manipulation: h(x;A) = λeA(ex − 1). Values of Parameters: A1 = 0.4, A2 = 0.8, b = 0.5.

In what follows, we apply the framework we developed thus far to the star-rating system commonly

observed in retail platforms that provide ratings and reviews. We tailor many elements of the model

in Section 4, e.g., the cost of manipulation (where sellers can “buy” fake reviews), perceived quality

of a seller (their observed star-rating), etc., to this setting to demonstrate the usefulness of our

general framework. Subsequently, in Section 6, we apply the findings in Section 5 to a real-world

platform that employs such a star-rating system using publicly available data.

5 A Model of Manipulation Through Online Reviews

To illustrate our results, we examine an environment where sellers in an online platform manipulate

their perceived value by soliciting fake reviews. Consider a star rating system employed by the

platform on a scale of 0 to R, i.e., each seller is associated with a (true) star-rating between 0

and R, that the seller may manipulate by soliciting promotional (fake) reviews. Often, online star-

rating systems adopt a one-star to five-star scale (e.g., Amazon) where the lowest star rating is

one, not zero. In this case, we can map five-star to a value of R = 4 and one-star to the value 0

or use an alternative affine transformation, without loss of generality; similar technique applies to

alternatively scaled, e.g., three-star or ten-star rating systems.
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In the absence of any manipulation, let seller i’s true rating be denoted by rtri where rtri ∈ [0, R].

Let vtri denote the volume of true ratings for seller i on the platform. Seller i manipulates their

perceived rating to be higher than rtri . Suppose the seller purchases vfi fake reviews with rating

R.12 Then, the observed rating for seller i is:

robi =
vtri

vtri + vfi
rtri +

vfi
vfi + vtri

R = rtri +
vfi

vtri + vfi

(
R− rtri

)
.

Empirically, we observe robi and vtri + vfi . Following (1), let a consumer’s perceived consumption

utility from seller i be denoted as follows:

ui = β0 + βrr
ob
i + βppi + ϵi (24)

= β0 + βrr
tr
i︸ ︷︷ ︸

ai

+βr
vfi

vtri + vfi

(
R− rtri

)
︸ ︷︷ ︸

xi

+βppi︸︷︷︸
−bpi

+ϵi.

The quantities ai, xi and −bpi in (1) correspond to the quantities shown above. The seller’s type

corresponds to Ai = eβ0+βrrtri +βpci . To purchase y fake reviews, let the cost incurred by a seller be

the following:13

Cost to purchase y fake reviews = k1y + k2y
2 (25)

where k1, k2 > 0. Since seller i purchases vfi fake reviews, their cost of manipulation is k1v
f
i +k2v

f
i
2
.

Using (25) and the expression for xi, the cost of manipulation expressed in terms of xi is:

hi(xi) = k1

(
vtri

xi
βr

R− rtri − xi
βr

)
+ k2

(
vtri

xi
βr

R− rtri − xi
βr

)2

. (26)

The cost of manipulation in (26) satisfies Assumption 1 if k2 is sufficiently larger than k1.
14 Observe

that the cost function above depends on both the true rating rtri and the volume of true reviews

vtri .

Recall from (17) that if h′i(0) >
(1−

√
d)

2

b , it is a dominant strategy for seller i to never manipulate.

In this context, (17) simplifies to:

h′i(0) >

(
1−

√
d
)2

b
=⇒ vtri > v

(
1− rtri

R

)
, (27)

12We focus on manipulation by acquiring additional fake reviews instead of modifying existing poor reviews.
13While the cost to purchase y fake reviews is identical across sellers, the effect of y fake reviews is asymmetric

across sellers. Specifically, from a fixed number of fake reviews purchased, seller i experiences a small (resp., large)
xi if v

tr
i is large (resp., small) or rtri is large (resp., small).

14See Appendix D for a detailed proof
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where v = βrR
(−βp)k1

(
1−

√
d
)2

(note that b = −βp). Equation (27) states that if the true volume

of ratings is large (shown in the r.h.s.), then seller i never manipulates. Further, this threshold is

decreasing in the true rating of the seller.

Suppose (27) does not hold, i.e., vtri ≤ v
(
1− rtri

R

)
. Recall the definition of q

i
, qi in (9). In the

context of our model, let q
i
, qi be the roots of the following equation:

q
(
1− d

1−q

)
(1−

√
d)2

=
vtri

v
(
1− rtri

R

) .
Finally, recall the definitions of γ

i
and γi from (10). In the context of our model, these quantities

are:

γ
i
=

eβ0+βrrtri +βpci

f(qi)
, and γi =

eβ0+βrrtri +βpci

f(q
i
)

. (28)

Figure 4. Iso-γ curves when d = 0 (left), and iso-γ and iso-γ curves when d = 0.1 (right). The
respective values of γ and γ (for each contour) are also stated.

In Figure 4, we plot the iso-curves for the antipathy to manipulation (γ
i
) and the propensity to

manipulation (γi) in the (rtri , v
tr
i ) space and how they change with d. Based on Figure 4, we observe

the following:

(a) Effect of the Volume of True Ratings: The propensity to manipulate γi is strictly de-

creasing, while the antipathy to manipulate is strictly increasing in the volume of ratings vtri .

This suggests that a “mature” seller is less likely to manipulate, while a new seller is more

likely to manipulate.

(b) Effect of the True Rating: Fix vtri . The antipathy to manipulate γ
i
is strictly increasing

in rtri . The propensity to manipulate γ is initially increasing and then decreasing in rtri . This
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suggests that the seller most likely to manipulate is “in the middle” (in terms of their true

rating/quality).

(c) Effect of Manipulation-Driven Returns: Using (28), observe that the cost-prohibitive

region is increasing in d, i.e., it is more likely that it is a dominant strategy for the seller to

never manipulate. Further, a seller’s propensity to manipulate decreases with d while their

antipathy to manipulate decreases with d (identical to Lemma 2; recall that antipathy is zero

for d = 0).

5.1 Illustrations of Regions Based on Seller Characteristics

Figure 5. Two illustrative figures demonstrating the three regions (cost-prohibitive, cost-dominant,
and benefit-dominant) in the true rating-true volume space. Values of Parameters: β0 = 5, βr = 1,
βp = −1, c = 1, k1 = 1, R = 5, d = 0.2, γ̂PM = 100 (left), 25 (right).

Given a collection of sellers and their characteristics, we illustrate the two indices – the antipathy

and propensity to manipulation – divide the true ratings and the volume of ratings into distinct

segments that distinguish seller behavior. Consider Figure 5 as an illustrative example.

• Cost-Prohibitive Region: Recall the definition of the cost-prohibitive region from (27),

where it is prohibitively expensive for a seller to manipulate and hence a dominant strategy

for the seller to never manipulate. In Figure 5, this condition corresponds to the white region.

• Cost-Dominant Region: If (27) does not hold, the quantities γ
i
and γi in (28) are well-

defined. Recall from Theorem 3 that a seller does not manipulate if either the antipathy to

manipulate is too high (γ
i
≥ γ̂PM) or the propensity to manipulate is too low (γi ≤ γ̂PM).

Using the iso-γ and iso-γ curves, one can identify this region (given γ̂PM). In Figure 5, the

cost-dominant region is shown in yellow. The yellow region at the left top corresponds to

γi ≤ γ̂PM while that at the bottom right corresponds to γ
i
≥ γ̂PM. The plot on the left and

right in Figure 5 differ in the values of γ̂PM (which is determined in equilibrium).
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• Benefit-Dominant Region: Finally, for a seller to manipulate in equilibrium, we require

that (27) not hold, and γ
i
< γ̂PM < γi. This region is referred to as the benefit-dominant

region and is shown in orange.

One of the unique contributions of our work is that a manager can identify the iso-γ and iso-γ curves

in the volume-rating coordinates based solely on model parameters. For any given competing set

of sellers in a market, we can locate each individual seller on the graph and identify the region they

belong to. This ability provides not only a managerial tool for understanding sellers’ tendency to

manipulate, but is also instructive to a manager to monitor and predict how a seller’s dynamically

changing status of (rtri , v
tr
i ) shifts its propensity to manipulate as time evolves. The above can be

accomplished without computing the equilibrium. Nonetheless, identifying the exact set of sellers

that manipulate requires computing the equilibrium (specifically, γ̂PM) as shown in Theorem 3.

Recall the contradicting findings of Dellarocas (2006) and He et al. (2022) on the relationship

between quality and manipulation, the former suggesting that high quality (i.e., high rtri ) sellers

are more likely to manipulate whereas the latter concluding that low quality (low rtri ) sellers are

more likely to manipulate. The following result is a consequence of Lemma 2 and (28), and sheds

light on the contradicting views in the existing literature, thereby providing a unified perspective.

Corollary 2. Suppose d = 0, vtri = v for all i ∈ [n], and rtr1 ≤ rtr2 ≤ . . . rtrn . Then, X is contiguous.

Further, there exists r(v) ∈ [0, R] s.t.

(a) The set X is downward-closed in rtri if rtr1 ≥ r(v).

(b) The set X is upward-closed in rtri if rtrn ≤ r(v).

Corollary 2 shows the various outcomes that emerge in equilibrium. On the one extreme, X can

be downward-closed in the true-rating, e.g., in markets with mature sellers. This conforms with

the insights in He et al. (2022), who show that low quality sellers are likely to manipulate. On the

other extreme, X can be upward closed, e.g., in markets with nascent sellers. This conforms with

the predictions in Dellarocas (2006). In general, the set X may be neither upward- nor downward-

closed; however, it is contiguous. Because all of the above scenarios are likely to occur in practice,

one must take precaution in generalizing the observed trend. For example, when a dataset indicates

a negative association between review ratings and manipulation, one cannot extend the association

to sellers in other markets or even to extrapolate the trend to draw conclusions regarding other

sellers in the same market.

6 Application to Real-World Data

To demonstrate the practical applications of our model, we assemble data from three datasets pub-

lished by Wang et al. (2014) pertaining to electronic products, where the authors scrape amazon.com

over a span a period of 24 weeks beginning February 1st, 2012. The first dataset comprises of trans-

action data for 2,163 unique products, the second dataset contains detailed product characteristics

for 794 products, such as Operating System, RAM, processor, processor brand, storage size, average
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battery life (in hours), screen size, screen resolution, item weight, wireless type, mobile broadband,

and webcam resolution and the third dataset comprises of customer reviews and provides informa-

tion at the reviewer level, including review contents, post date, and review ratings.

6.1 Model Calibration

First, we select a set of n = 11 products that are close substitutes, with similar product features such

as storage size and screen resolution. These products also have complete transactional information

spanning the entire duration of T = 24 weeks. We infer the marginal production cost for each

product from its selling price and the profit margin from the firms’ financial statements if they are

publicly listed, or the profit margin of their public competitors as a proxy for products sold by

private firms. As Amazon provides information only on sales rank and not sales for each product

in their data, we use a mapping from sales rank to sales rate to infer product sales in each time

period. This approach has been widely employed in the literature, e.g., see Chevalier and Goolsbee

(2003) and He et al. (2022). The mapping between sales sit of product i ∈ [n] in period t ∈ [T ] and

its sales rank Rit is as follows:

sit = e
β
θ

1

(Rit − 1)
1
θ

(29)

Prior research report estimates of θ = 1.2 and β = 9.6 (Chevalier and Goolsbee, 2003; He et al.,

2022). We use these estimates to calculate sit based on Rit. Consumer utility uit for product i ∈ [n]

in period t ∈ [T ] is modeled as shown in (24):

uit = β0 + βrr
ob
it + βppit + ϵit, (30)

where robit is the observed rating for product i at the start of period t, pit is the price for product

i in period t, and ϵit is i.i.d. Gumbel distributed. The price pit is directly observed from the data,

but robit is inferred as the average rating amongst all posted ratings until the start of period t. That

is, we assume that the observed rating in period t is the average of the ratings “thus far” (i.e., until

period t − 1). Let rit denote the set of ratings posted for product i in period t. For any period

t ≥ 2, we calculate robit as follows:

robit =

∑
t′∈[t−1]

∑
r∈rit′

r

| ∪t′∈[t−1] rit′ |
.

From the above consumer choice model, we have q0it (the probability that a representative consumer

purchases product i at time t) as follows:

q0it =
eβ0+βppit+βrrobit

1 +
∑

j∈[n] e
β0+βppjt+βrrobjt

. (31)

Since our data does not contain information about no-purchase (s0t), we employ the Expectation-

Maximization (EM) algorithm (McLachlan and Krishnan, 2007) to estimate the parameters β0, βp, βr.
15

15A detailed explanation of our estimation procedure is provided in Appendix C.
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Further, since our data does not include returns, we assume that d = 0; hence qit = q0it. The results

from our EM estimation procedure are as follows:16

Table 1. Estimation Results

βp βr β0

Estimate -0.0017∗∗∗ 0.103∗∗∗ 0.0109
Std. Error 0.000098 0.004 0.54

∗p < 0.1, ∗∗p < 0.05, ∗∗∗p < 0.01

6.2 Application and Results

Using the results from our estimation in Section 6.1 above and the analysis in Section 5, we

predict the extent of manipulation in equilibrium for each of the n firms in our data. However,

the dataset does not indicate whether each review is true or fake. We train a Long Short-Term

Memory (LSTM) recurrent neural network model on a separate dataset provided by Salminen et

al. (2022), where each review is labeled true or fake. While the nature of products across the two

datasets is different, previous studies in Computer Science and Natural Language Processing report

commonalities among fake reviews (Fang et al., 2020; Mohawesh et al., 2021).

From Table 1, βr = 0.103 < 1
R = 0.25; further, recall the assumption that d = 0. Therefore, in

this application, the benefit-dominant region vanishes and sellers are located in either the cost-

prohibitive region or cost-dominant region (where γ ≤ 1). In Figure 6, we plot the regions in the

volume-rating space and illustrate how the regions shift as the cost parameter changes. Sellers

located below the γ = γ̂PM(= 1/qPM0 ) curve (i.e., satisfy γ > 1/qPM0 ) manipulate in equilibrium

and those above the γ = 1/qPM0 curve (i.e., satisfy γ < 1/qPM0 ) do not manipulate. When k1 is

low (k1 = 0.1; the left plot in Figure 6), all eleven sellers are in the cost-dominant region, and

all but one manipulate in equilibrium. As k1 increases (k1 = 1; the middle plot in Figure 6),

three sellers shift from the cost-dominant region to cost-prohibitive regions (one with γ = 0 and

two with γ ∈ (0, 1)) and eight remains in the cost-dominant region, of which five manipulate in

equilibrium; when k1 increases to 3, six sellers shift to cost-prohibitive regions, and five remains

in the cost-dominant region, of which only two manipulate. We remark that in these graphs, only

the iso-γ curve and γ = 1/qPM0 requires equilibrium computation, whereas the rest are computed

directly from model parameters. Therefore, the empirical versatility of the MNL model and our

approach enable an easy-to-understand tool for market analysis that is both theoretically sound

and managerially appealing, as illustrated in Figure 6.

Finally, the absence of the benefit-dominant region leads to the observation that, ceteris paribus,

low quality sellers tend to manipulate, which ties back to the phenomenon emphasized in He et

16In addition to the consumer utility model in (30), we also consider an alternate model for consumer utility with
a product specific constant-term, i.e., uit = β0i + βrr

ob
it + βppit + ϵit, in Appendix C. The estimation results of this

alternate utility model are presented in Table C2. We find that the product-specific coefficients β0i (for all products
except the reference product) are not significant, most likely due to overfitting (with 10 additional parameters).
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Figure 6. Seller Behavior with Changes in Cost of Manipulation.

al. (2022). Our analysis indicates that, such phenomenon could occur for a specific market under

certain conditions on model parameters but should not be viewed as universal truth.

7 Conclusion

As consumers place greater emphasis on online product reviews in purchasing decisions, sellers face

strong pressure to elevate the rating of their product in order to compete with others. Contradicting

views exist in the literature regarding the sellers’ tendency to manipulate consumer opinion vis-à-

vis the strength/quality/type of sellers. One view argues that high quality sellers have more to gain

from manipulation and are more likely to manipulate whereas others present empirical evidence

that sellers with low ratings exhibit stronger tendency to manipulate. We construct a model of

multi-seller competition in which each seller sets their own price and extent of manipulation to

maximize profit, correctly anticipating how sellers act. We solve for the unique equilibrium and

present a comprehensive characterization of the set of sellers that manipulate in equilibrium and

the resulting market outcomes.

We make several unique contributions to this literature: (i) by identifying two indices γ and γ di-

rectly computable from model parameters that measure each seller’s relative antipathy and propen-

sity to manipulate, (ii) by partitioning the volume-rating space into regions that exhibit distinctive

patterns of the iso-γ and iso-γ curves, or equivalently, how antipathy and propensity to manipu-

lation is affected by sellers’ true quality, and (iii) by mapping our model of review manipulation

to a star-rating system where sellers are heterogeneous in their volume of ratings and their true

rating (quality), and (iv) by illustrating how to apply it to a real-world data set. A key takeaway

is that the two contradicting views regarding the relationship between seller quality and tendency

to manipulate can be reconciled through our model and results: We establish the separation of

the benefit-dominant region and cost-dominant region. Observations of which types of sellers ma-
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nipulate in a given application or market may only reflect a censored snapshot view of a market.

Decision makers need to be cautious in making generalizations.
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A Proofs of Technical Results

This appendix provides the proofs of all technical results in the main paper. Besides this appendix, we also provide
a supplementary appendix, Appendix B, that provides some helpful results.

A.1 Proof of Results in Section 3

Proof of Theorem 1. For completeness, we first show seller i’s best-response. We then solve for the equilibrium
outcome. In the absence of manipulation (xi = 0 for all i), seller i’s market share is:

qi =
Aie

−bmi

1 +
∑

j∈[n] Aje−bmj
. (A.1)

Since πi = miqi, the derivative of πi w.r.t mi is:

dπi

dmi
= qi +mi

(
dqi
dmi

)
Using (A.1), we have

dqi
dmi

=
Aie

−bmi(−b)
(
1 +

∑
i∈[n] Aie

−bmi

)
−Aie

−bmiAie
−bmi(−b)(

1 +
∑

i∈[n] Aie−bmi

)2 = −bqi(1− qi).

Substituting this back in the r.h.s. of dπi
dmi

, we have:

dπi

dmi
= qi

1− bmi(1− qi)︸ ︷︷ ︸
decreasing in mi

 .

Consider the term inside the brackets in the r.h.s. above: this term is decreasing in mi. To see this, observe that

bmi(1− qi) = bmi

(
1 +

∑
j ̸=i Aje

−bmj

1 +
∑

j ̸=i Aje−bmj +Aie−bmi

)

Both terms in the r.h.s. above are increasing in mi; therefore, 1− bmi(1− qi) is decreasing in mi. For given m−i, let
mi(m−i) denote the unique value of mi s.t. 1 − bmi(1 − qi) = 0. Then, for fixed m−i,

dπi
dmi

> 0 iff mi < mi(m−i).

That is, πi is unimodal in mi; at optimality, mi = mi(m−i) =
1

b(1−qi)
.

To solve for mi(m−i), we can write the mi(m−i) as:

bmi =
1

1− qi
=⇒ bmi − 1 =

qi
1− qi︸ ︷︷ ︸

q0+
∑

j ̸=i qj

=
Aie

−bmi

1 +
∑

j ̸=i,j∈[n] Aje−bmj

=⇒ mi(m−i) =
1

b

(
1 +

Aie
−bmi

1 +
∑

j ̸=i,j∈[n] Aje−bmj

)
. (A.2)

The r.h.s. of (A.2) is strictly decreasing in mi. Thus, a unique fixed point to the r.h.s. of (A.2) exists. Further,

(bmi − 1)ebmi−1 =
Aie

−1

1 +
∑

j ̸=i,j∈[n] Aje−bmj
=⇒ bmi − 1 = W

(
Aie

−1

1 +
∑

j ̸=i,j∈[n] Aje−bmj

)

=⇒ mi(m−i) =
1

b

(
1 +W

(
Aie

−1

1 +
∑

j ̸=i,j∈[n] Aje−bmj

))
,
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where W(·) denotes the Lambert-W function.17

Next, to identify the equilibrium market-share, we rewrite (A.1) as follows:

qi =
Ai

γ̂
e−bmi ,

where γ̂ = 1
q0

= 1 +
∑

j∈[n] Aje
−bmj . Substituting for mi =

1
b(1−qi)

in the r.h.s. above, we have:

qie
1

1−qi =
Ai

γ̂
=⇒ qi = f−1

(
Ai

γ̂

)
.

Using the above and the identity that q0 = 1−
∑

j∈[n] qj , we have

1− 1

γ̂
=
∑
j∈[n]

f−1

(
Ai

γ̂

)

Recall the definition of f(z) = ze
1

1−z in the statement of Theorem 1. Since f(x) is increasing in x, with f(0) = 0 and
f(1) = ∞, the l.h.s. is increasing in γ̂, while the r.h.s. is decreasing in γ̂; thus, the solution to γ̂ ∈ [1,∞), denoted
by γ̂AM exists and is unique. Combining the solution to γ̂AM and (A.2), we have the required result.

Proof of Theorem 2. In the absence of competition, the monopolist seller’s market share is:

q =
Ae(1−d)x−bm

1 +Aex−bm
. (A.3)

The seller faces a bivariate optimization problem in the markup and manipulation as shown in (8): maxx,m π(x,m) = mq − h(x).
We identify the optimal markup (as a function of x) and then identify the optimal extent of manipulation.

For fixed x, we have
dπ

dm
= q +m

dq

dm︸︷︷︸
using (A.3)

= q
(
1− bm(1− q0)

)
.

From the r.h.s. above, it follows that for fixed x, the seller’s profit is unimodal in m. Therefore, the seller’s optimal
markup is m⋆ = 1

b(1−q0)
. Using straightforward algebra, m⋆(x) can be stated as:

m⋆(x) =
1

b

(
1 +W

(
Aex−1)) .

Let q(x) ≡ q(x,m⋆(x)), q0(x) = q0(x,m⋆(x)) and π(x) = π(x,m⋆(x)) = m⋆(x)q(x) − h(x). We identify the optimal
x⋆ below.

dπ

dx
=

dm⋆(x)

dx
q︸ ︷︷ ︸

effect of manipulation on

the inframarginal units

+
dq(x)

dx
m⋆(x)︸ ︷︷ ︸

effect on the marginal unit

−h′(x)

=
q0(x)

b
q(x) +

1

b(1− q0(x))
q(x)

(
(1− q0(x))2 − d

)
− h′(x)

=
q(x)

b

(
1− d

1− q0(x)

)
︸ ︷︷ ︸

marginal benefit from

manipulation

− h′(x)︸ ︷︷ ︸
marginal cost from

manipulation

(A.4)

17 Fix k > 0. The equation zez = k has a unique solution at z = W(k). Further,

dz

dk
=

1

ez(1 + z)

∣∣∣∣
z=W(k)

=
1

eW(k) + k
.
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At the critical points (if any; denoted by x⋆), we have:

d2π

dx2

∣∣∣∣
x=x⋆

=

h′(x⋆)

((
1− q0

∣∣∣∣
x=x⋆

)2

− d

)
− h′′(x⋆)︸ ︷︷ ︸

negative from Assumption 1

− d

b

(
q0
∣∣∣∣
x=x⋆

)2

.

The r.h.s. is negative at any critical points. Therefore, there is at most one critical point; further, if a critical point
exists, the second derivative at this point is negative.

From (A.4), observe that
q(0)

b

(
1− d

1− q0(0)

)
> h′(0) =⇒ x⋆ = 0.

Otherwise, x⋆ solves

q(x)

b

(
1− d

1− q0(x)

)
= h′(x) =⇒ q0(x)

b

(
1− d

1− q0(x)

)
= ĥ′(x)

=⇒ x = ĥ−1

(
q0(x)

b

(
1− d

1− q0(x)

))
Next, recall that q0 = Ax−bm(x)

1+Aex−bm(x) . Substituting for the optimal quantities, we have:

q0 =
Ae

ĥ−1
(

q0

b

(
1− d

1−q0

))
− 1

1−q0

1 +Ae
ĥ−1

(
q0

b

(
1− d

1−q0

))
− 1

1−q0︸ ︷︷ ︸
=γ̂

=
Ae

ĥ−1
(

q0

b

(
1− d

1−q0

))
− 1

1−q0

γ̂

=⇒ q0e
1

1−q0
−ĥ−1

(
q0

b

(
1− d

1−q0

))
︸ ︷︷ ︸

g(q0)

=
A

γ̂
=⇒ q0 = g−1

(
A

γ̂

)
.

Since q00 = 1
γ̂
, we have that

q0 = 1− q00 =⇒ g−1

(
A

γ̂

)
= 1− 1

γ̂

The solution to the above equation is denoted by γ̂AC. The markup and the extent of manipulation can be identified

by substituting q0 = g−1
(

A
γ̂AC

)
.

A.2 Proofs of Results in Section 4

Proof of Lemma 1. Fix (x−i,m−i). To identify seller i’s best-response, we proceed in two steps, i.e., solve mi and
then xi, as follows:

max
xi

{
max
mi

πi

(
(mi, xi)

∣∣∣m−i,x−i

)}
(A.5)

Optimal Markup: For fixed xi, for the “inner” optimization problem in (A.5), we show the following.

(i) πi is unimodal in mi.

(ii) Seller i’s best-response mi(xi;x−i,m−i) satisfies mi = 1
b(1−q0i )

.18 That is, mi(xi;x−i,m−i) is the unique

solution to the following univariate equation of mi:

mi =
1

b

(
1 +

Aie
xi−bmi

1 +
∑

j ̸=i Ajexj−bmj

)
. (A.6)

(iii) mi(xi;x−i,m−i) is increasing in xi, increasing in m−i and decreasing in x−i. Further, xi − bmi(xi;x−i,m−i)
is increasing in xi.

18We omit the arguments of mi and q0i for brevity.
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Recall the expression for qi from (4):

qi =
Aie

(1−d)xi−bmi

1 +
∑

j∈[n] Ajexj−bmj
.

From (5), seller i’s profit is:

πi = miqi − hi(xi) =⇒ ∂πi

∂mi
= qi +mi

∂qi
∂mi

We write ∂qi
∂mi

below.

∂qi
∂mi

=

(
Aie

(1−d)xi−bmi(−b)
(
1 +

∑
j∈[n] Aje

xj−bmj

)
−Aie

(1−d)xi−bmiAie
xi−bmi(−b)

)
(
1 +

∑
j∈[n] Ajexj−bmj

)2
= −b

(
Aie

(1−d)xi−bmi

1 +
∑

j∈[n] Ajexj−bmj

)(
1 +

∑
j∈[n],j ̸=i Aje

xj−bmj

1 +
∑

j∈[n] Ajexj−bmj

)
= −bqi

(
1− q0i

)
(A.7)

Substituting the r.h.s. from above in the r.h.s. of ∂πi
∂mi

, we have:

∂πi

∂mi
= qi

(
1− bmi(1− q0i )

)
Since q0i is decreasing in mi, the r.h.s. single-crosses 0 from above, and hence f.o.c’s identify the optimal mi. At
optimality, we have:

mi =
1

b(1− q0i )
=⇒ mi =

1

b

1 +
Aie

xi−bmi

1 +
∑

j ̸=i Ajexj−bmj︸ ︷︷ ︸
1

1−q0
i

 .

The above fixed-point equation is shown in the statement of the result in (14). For fixed (m−i,x), the r.h.s. is
decreasing in mi, and hence (14) has a unique solution for mi. The above prove (i) and (ii).

Next, (14) can be written as:

(bmi − 1)ebmi−1 =
Aie

xi−1(
1 +

∑
j ̸=i Ajexj−bmj

) =⇒ mi =
1

b

[
1 +W

(
Aie

xi−1

1 +
∑

j ̸=i Ajexj−bmj

)]
. (A.8)

From (A.8), mi is increasing in xi, increasing in m−i, and decreasing in x−i. Further, xi − bmi(xi) is increasing in
xi. To see this, consider the derivative of xi − bmi(xi):

d

dxi
(xi − bmi) = 1− b

dmi

dxi
,

We show that the r.h.s. is positive. Consider the second term. Using (14),

b
dmi

dxi
=

Aie
xi−bmi

1 +
∑

j ̸=i Ajexj−bmj

(
1− b

dmi

dxi

)
=⇒ b

dmi

dxi
=

Aie
xi−bmi

1 +
∑

j∈[n] Ajexj−bmj
= q0i . (A.9)

Combining the above, we have d
dxi

(xi − bmi) = (1 − q0i ) > 0; hence, xi − bmi is increasing in xi. The quantity
q0i

1−q0i
= Aie

xi−bmi

1+
∑

j ̸=i Aje
xj−bmj

; since the r.h.s. is increasing in xi, it follows that the
q0i

1−q0i
is increasing in xi. Since

q0i
1−q0i

is a monotone transformation of q0i , it follows that q
0
i = q0i (xi,mi(xi)) is increasing in xi. This proves (iii).

Optimal Manipulation: We show the following:

(i) πi(xi) is quasi-concave in xi.

(ii) The optimal x∗
i is unique and as follows:

(a) If
q0i (0)

b

(
1− d

1−q0i (0)

)
≤ h′

i(0), then, x
∗
i = 0.
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(b) Otherwise, x∗
i is the unique solution to the following equation:

q0i (xi)e
−dxi

b

(
1− d

1− q0i (xi)

)
︸ ︷︷ ︸
Marginal Benefit from Manipulation

= h′
i(xi)︸ ︷︷ ︸

Marginal Cost of Manipulation

. (A.10)

Since πi = miqi − h(xi), the marginal effect of manipulation on seller i’s profits (i.e., derivative of πi w.r.t xi) is:

dπi

dxi
= qi

dmi

dxi︸ ︷︷ ︸
effect of manipulation on

infra-marginal units

+ mi
dqi
dxi︸ ︷︷ ︸

effect of manipulation on the

marginal unit

− h′
i(xi)︸ ︷︷ ︸

marginal cost of manipulation

. (A.11)

The first term in the r.h.s. of (A.11) is the effect on the inframarginal units, while the second term is the effect on
the marginal unit. First, from (A.9), it follows that

dmi

dxi
=

q0i
b
.

Next, we can write dqi
dxi

as follows:

dqi
dxi

=
∂qi
∂xi

+
∂qi
∂mi

dmi

dxi
.

Using (4),

∂qi
∂xi

=
(1− d)(Aie

(1−d)xi−bmi)(1 +
∑

j Aje
xj−bmj )− (Aie

(1−d)xi−bmi)(Aie
xi−bmi)

(1 +
∑

j Ajexj−bmj )2

= qi(1− d− q0i ).

∂qi
∂mi

= −bqi(1− q0i ). (from (A.7))

Therefore,
dqi
dxi

= qi
((

1− q0i
)2 − d

)
. (A.12)

Combining the above, (A.11) simplifies to:

dπi

dxi
=

(
qiq

0
i

b
+miqi

((
1− q0i

)2 − d
))
− h′

i(xi)

Substituting for mi from (14), we have:

dπi

dxi
=

qi
b

(
1− d

1− q0i

)
︸ ︷︷ ︸
marginal benefit from

manipulation

− h′
i(xi)︸ ︷︷ ︸

marginal cost of

manipulation

. (A.13)

First, if qi
b

(
1− d

1−q0i

) ∣∣∣∣
xi=0

< h′
i(0), then x⋆

i = 0. Otherwise, if qi
b

(
1− d

1−q0i

) ∣∣∣∣
xi=0

> h′
i(0), then, the critical

point(s) (if they exist), denoted by x∗
i , solve:

qi

(
1− d

1− q0i

) ∣∣∣∣
xi=x⋆

i

= bh′
i(x

⋆
i ). (A.14)

At the critical point(s), the second derivative is:

d2π

dx2
i

∣∣∣∣
xi=x∗

i

=
d

dxi

(
dπi

dxi

) ∣∣∣∣
xi=x∗

i

=
d

dxi

(
qi
b

(
1− d

1− q0i

)) ∣∣∣∣
xi=x∗

i

− h′′
i (x

∗
i )

=
1

b

 dqi
dxi︸︷︷︸

from (A.12)

(
1− d

1− q0i

)
+ qi

(
− d

(1− q0i )
2

)
dq0i
dxi︸︷︷︸

from (A.16)


∣∣∣∣
xi=x∗

i

− h′′
i (x

∗
i ) (A.15)
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Recall, from (A.12), that dqi
dxi

= qi
(
(1− q0i )

2 − d
)
. Further, using an identical procedure,

dq0i
dxi

can be evaluated to the
following:

dq0i
dxi

= q0i (1− q0i )
2 (A.16)

Substituting (A.12) and (A.16) in the r.h.s. of (A.15), we get

d2π

dx2
i

∣∣∣∣
xi=x∗

i

=
1

b

(
qi
(
(1− q0i )

2 − d
)(

1− d

1− q0i

)
+ qi

(
− d

(1− q0i )
2

)
q0i (1− q0i )

2

) ∣∣∣∣
xi=x∗

i

− h′′
i (x

∗
i )

=
qi
b

(
1− d

1− q0i

)
︸ ︷︷ ︸
=h′

i(x
∗
i ) from (A.14)


(
(1− q0i )

2 − d
)
− q0i d

 1

1− d
1−q0i


︸ ︷︷ ︸

=
qi

bh′
i
(x∗

i
)

from (A.14)


∣∣∣∣
xi=x∗

i

− h′′
i (x

∗
i )

= h′
i(x

∗
i )

((
1− q0i

)2 − d

(
1 +

q0i qi
bh′

i(x
⋆
i )

)) ∣∣∣∣
xi=x∗

i

− h′′
i (x

∗
i )

< h′
i(x

⋆
i )− h′′

i (x
⋆
i )

< 0. (due to Assumption 1(b))

Since the second derivative is negative at the critical points, we have that πi(xi) is quasi-concave. This proves (i).

As a consequence of the quasi-concavity of πi(xi), the following hold:

1. If qi(0)
b

(
1− d

1−q0i (0)

)
< h′

i(0), then,
dπi
dxi

< 0 for all xi > 0.

2. If qi(0)
b

(
1− d

1−q0i (0)

)
> h′

i(0), then, f.o.c.’s identify the unique interior maximum.

For convenience, define f̆(z), z ∈ [0, 1), as follows:

f̆(z) ≜

(
z

1− z

)
e

1
1−z . (A.17)

f̆(z) is increasing in z. The solution to the f.o.c. in (A.14) can be expressed as follows.

f̆−1

(
Aie

xi

1 +
∑

j ̸=i Ajexj−bmj

)1− d

1− f̆−1

(
Aie

xi

1+
∑

j ̸=i Aje
xj−bmj

)


︸ ︷︷ ︸
=q0i (xi)

(
1− d

1−q0
i
(xi)

)

= bh′
i(xi)e

dxi . (A.18)

While the l.h.s. and r.h.s. are both increasing in xi, since πi is quasi-concave in xi, it follows that the above equation
has a unique solution for xi. This proves (ii).

Proof of Theorem 3. From Lemma 1, we have seller i’s choice of mi and xi. Depending on xPM
i , one of the following

applies to seller i:

• If xPM
i = 0 (i.e., i ∈XC), then, using (14), we have the following:

q0i =
Aie

− 1
1−q0

i1 +
∑
j

Aje
xPM
j −bmPM

j

︸ ︷︷ ︸
γ̂



=
Aie

− 1
1−q0

i

γ̂
=⇒ q0i e

1
1−q0

i︸ ︷︷ ︸
f(q0i )

=
Ai

γ̂
=⇒ q0i = f−1

(
Ai

γ̂

)
.
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• If xPM
i > 0 (i.e., i ∈X), using (A.14) and the definition of ĥ(·) in (11), we have:

xPM
i = ĥ−1

i

(
q0i
b

(
1− d

1− q0i

))
.

Using (14) and (15), we have the following:

q0i =
Aie

ĥ−1
i

(
q0i
b

(
1− d

1−q0
i

))
− 1

1−q0
i1 +

∑
j

Aje
xPM
j −bmPM

j

︸ ︷︷ ︸
γ̂



=
Aie

ĥ−1
i

(
q0i
b

(
1− d

1−q0
i

))
− 1

1−q0
i

γ̂

=⇒ q0i e
1

1−q0
i

−ĥ−1
i

(
q0i
b

(
1− d

1−q0
i

))
︸ ︷︷ ︸

gi(q
0
i )

=
Ai

γ̂
=⇒ q0i = g−1

i

(
Ai

γ̂

)
.

We solve for the equilibrium value of q00 . Since
∑

i∈[n] q
0
i = 1− q00 , let γ̂

PM be the solution to the following:

1− 1

γ̂
=
∑
i∈X

g−1
i

(
Ai

γ̂

)
+
∑
i∈XC

f−1

(
Ai

γ̂

)
.

The above equation is identical to (18) in the statement of the result. Since f(·) and gi(·), i ∈ [n] are increasing
functions, the r.h.s. is decreasing in γ̂, while the l.h.s. is increasing in γ̂; hence, a unique solution to γ̂ exists. Further,
γ̂PM ∈ [1,∞). Substituting γ̂ in the expression for q0i , we have

q0i =

 f−1
(

Ai

γ̂PM

)
, if i ∈XC;

g−1
i

(
Ai

γ̂PM

)
, if i ∈X.

(A.19)

Substituting q0i in (14) and (15), we have:

mPM
i =

1

b(1− q0i )
and xPM

i =

{
0, if i ∈XC;

ĥ−1
i

(
q0i
b

)
, if i ∈X.

The market share of seller i is:

qPMi =

{
q0i , if i ∈XC;

q0i e
−dxPM

i , if i ∈X.

Observe that in the above, the set X has still not been identified. For i ∈XC, we require the following:

q0i
b

(
1− d

1− q0i

)
≤ h′

i(0)

The above inequality simplifies to q0i < q0
i
or q0i > q0i (the quantities q0

i
and q0i are defined in (9)). Substituting for

q0i from (A.19), we get:
i ∈X

C ⇔ γi ≤ γ̂PM or γ
i
≥ γ̂PM

Conversely,
i ∈X ⇔ γ

i
< γ̂PM < γi.

Proof of Lemma 2. Recall that γ = A
f(q)

and γ = A
f(q)

. To show part (a) (comparative statics of γ and γ with d),

observe from (9) that q (resp., q) is increasing (resp., decreasing) in d. Since f(·) is increasing, the result follows.
To show part (b), (comparative statics of γ and γ with A), the denominator is independent of A; hence, the result
follows.
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Proof of Corollary 1. Under a symmetric oligopoly with n sellers, using (18), γ̂Sym is the solution to the following:

1− 1

γ̂
= ng−1

(
A

γ̂

)
To show part (a), the l.h.s. is increasing in γ̂. From Lemma B1, we have that g(·) is increasing and independent of
n. Consequently, the r.h.s. is decreasing in γ̂ and is increasing in n. Consequently, γ̂Sym ∈ (1,∞) exists, is unique,
and is increasing in n.

Since sellers are symmetric, it follows from Theorem 3 that either all sellers manipulate or no seller manipulates.

To show part (b), using part (a) of Theorem 3, the seller(s) manipulate iff h′(0) < (1−
√

d)2

b
and γ̂Sym ∈ (γ, γ). For

γ̂Sym ∈ (γ, γ), we require the following:

1− 1

γ
< ng−1

(
A

γ

)
and 1− 1

γ
< ng−1

(
A

γ

)
.

Using the definition of γ and γ in (10), we have that g−1
(

A
γ

)
= f−1

(
A
γ

)
= q and g−1

(
A
γ

)
= f−1

(
A
γ

)
= q.

Combining these observations, we have that

γ̂Sym ∈
(
γ, γ

)
⇔ A ∈

(
f(q)

1− nq
,

f(q)

1− nq

)
.

Proof of Lemma 3. First, from the conditions in part (b) of Corollary 1, it follows that for sellers to manipulate for

any n ≥ 1, it must hold that h′(0) ≤ (1−
√
d)2

b
and A >

f(q)

1−q
(otherwise, manipulation does not arise for any n ≥ 1).

Suppose A > f(q)
1−q

. It follows from part (b) of Corollary 1 that if n = 1 (monopolist), then manipulation does not
arise. For n ≥ 2, manipulation arises iff the condition in part (b) of Corollary 1 holds. This condition can be stated

as n ∈
(

1
q

(
1− f(q)

A

)
, 1
q

(
1− f(q)

A

))
.

Suppose
f(q)

1−q
< A < f(q)

1−q
. It follows from part (b) of Corollary 1 that manipulation arises if n = 1 (monopolist).

Further, manipulation arises in the presence of identical sellers in an oligopoly iff n < 1
q

(
1− f(q)

A

)
.

Proof of Lemma 4. Suppose that h′(0) ≤ (1−
√
d)2

b
and A >

f(q)

1−q
. From Theorem 3 and Corollary 1, the equilibrium

extent of manipulation in a symmetric oligopoly xPM is:

xPM = ĥ−1

(
q0

b

(
1− d

1− q0

))
, (A.20)

where q0 = g−1
(

A
γ̂Sym

)
and γ̂Sym is the solution to the equation shown in Corollary 1. Recall from part (a) of

Corollary 1 that γ̂Sym is increasing in n. Since q0 = g−1
(

A
γ̂Sym

)
and g(·) is increasing, it follows that q0 is decreasing

in n. Next, since ĥ(·) is increasing, from (A.20), we have the following:

q0 > 1−
√
d⇔ xPM is increasing in n.

Substituting for q0 = g−1
(

A
γ̂Sym

)
and using Corollary 1, it follows that

q0 > 1−
√
d⇔ n <

1

1−
√
d

(
1− g(1−

√
d)

A

)
.

Combining this with the condition for manipulation to arise, i.e., n ∈
(

1
q

(
1− f(q)

A

)
, 1
q

(
1− f(q)

q

))
, we have the

required result.

Proof of Lemma 5. From Theorem 3, recall that a seller manipulates in equilibrium if γ
i
< γ̂PM < γi. Under

homogeneous costs of manipulation, this condition can be stated as γ̂PMf(q) < Ai < γ̂PMf(q). Consequently, the set
of sellers that manipulate is contiguous.
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Proof of Lemma 6. Suppose that sellers are homogeneous in their types. We will show that i ∈ X =⇒ i+ 1 ∈ X.

Since h′
1(0) ≥ h′

2(0) ≥ . . . h′
n(0), it follows that for any i s.t. h′

i(0) < (1−
√
d)2

b
, we have (γ

i
, γi) ⊂ (γ

i+1
, γi+1).

Therefore, i ∈X =⇒ γ̂PM ∈ (γ
i
, γi) =⇒ γ̂PM ∈ (γ

i+1
, γi+1) =⇒ i+ 1 ∈X.

Proof of Lemma 7. Fix d = 0. Substituting for hi(x,A) = H(A)h(x) in the definition of γi from (10), we have:

γi =
Ai

f (bH(Ai)h′(0))
.

Therefore,
dγi

dAi
=

Ai

f(z)

(
1

Ai
− f ′(z)

f(z)
bh′(0)H′(Ai)

)
where z = bh′(0)H(Ai). Further, 0 < z < 1. In the r.h.s., the term outside the bracket is positive. It suffices to
f.o.c.us on the term within the brackets. The term inside the brackets is positive iff the following holds:(

1

z
+

1

(1− z)2

)
z
H′(Ai)

H(Ai)
<

1

Ai
⇔

H′(Ai)
H(Ai)

1
Ai

<
f(z)

zf ′(z)

⇔ ∂ logH(Ai)

∂ logAi︸ ︷︷ ︸
εA

<
1

1 + z
(1−z)2

Since the r.h.s. is strictly less than 1, it holds that if εA > 1, then, γi is decreasing in Ai.
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B Helpful Results

Recall the definition of g from (12):

If bh′(0) ≤ (1−
√
d)2, then g(z) =

{
f(z), if z ∈ [0, q0) ∪ (q, 1]

f(z)e−ĥ−1( z
b (1−

d
1−z )), if z ∈

[
q0, q0

]
If bh′(0) > (1−

√
d)2, then g(z) = f(z).

Lemma B1. g(z) is continuous and increasing in z ∈ [0, 1).

Proof of Lemma B1. First, it is straightforward from the definition that g(z) is continuous and increasing in z ∈ [0, 1)
if bh′(0) > (1−

√
d)2. We focus on i s.t. bh′(0) ≤ (1−

√
d)2.

To demonstrate continuity, we have that g(z) is continuous and increasing in z ∈ [0, q0)∪(q, 1]. Second, limz↑q0 g(z) =

limz↓q0 g(z) = f(q0) and limz↑q0 g(z) = limz↓q0 g(z) = f(q0). Therefore, g(z) is continuous in z ∈ [0, 1).

Next, to demonstrate that g(z) is increasing, it suffices to focus on the interval [q0
i
, q0i ] (since f(·) is monotone).

Taking log on both sides of (12) and differentiating w.r.t. z, we have:

g′i(z)

gi(z)
=

1

z︸︷︷︸
positive

1−
z
b

(
1− d

(1−z)2

)
ĥ′
i

(
ĥ−1
i

(
z
b

(
1− d

1−z

)))
︸ ︷︷ ︸

term to analyze

+
1

(1− z)2︸ ︷︷ ︸
positive

.

The r.h.s. consists of two terms. The second term is positive. In the first term, the term outside the brackets is
positive. We show that the term inside the brackets is positive. First, if z > 1 −

√
d, it is straightforward that the

term inside the brackets is positive because the second term is negative. For z < 1−
√
d, we show that a lower bound

of this term is positive. Observe that:

1− d

(1− z)2
< 1− d

1− z

Consequently, it suffices to show that 1−
z
b (1−

d
1−z )

ĥ′
i(ĥ

−1
i ( z

b (1−
d

1−z )))
> 0 if z < 1−

√
d. Substituting ĥ−1

i

(
z
b

(
1− d

1−z

))
→ y,

it suffices to show that 1− ĥi(y)

ĥ′
i(y)

> 0, where 0 ≤ y < ĥ−1
(

(1−
√
d)2

b

)
. We have

1− ĥi(y)

ĥ′
i(y)

=
h′′
i (y)− (1− d)h′

i(y)

h′′
i (y) + dh′

i(y)

In the r.h.s. above, the denominator is positive. From Assumption 1(b), since h′′
i (y) ≥ hi(y), the numerator is

positive. This concludes the proof of the result.
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C Maximum Likelihood Estimation of the MNL Choice Model with Unob-
served No Purchase Data

Consider the maximum likelihood estimation procedure where the consumer utility model is as follows:

ui = β0 + βppi + βrri + ϵi, i ∈ [n], u0 = 0, (C.21)

ϵi are i.i.d. Gumbel random variables, and consumer purchase model follows

qi =
eui

1 +
∑

j∈[K] e
uj

, i ∈ [n] ∪ {0}.

The likelihood function, given purchase and no-purchase data (s = (si)i∈[n], s0), is as follows:

L(β|s, s0) =
s!∏

i∈[n]∪{0} si!

∏
i∈[n]∪{0}

qsii .

where s =
∑

i∈[n]∪{0} si. The log-likelihood is as follows:

logL(β|n, n0) =
∑
i∈[n]

si log qi + s0 log q0 + SL(s)−
∑

i∈[n]∪{0}

SL(si),

where, for any j ∈ I+, SL(j) =
∑j

j′=1 log(j
′).

Let q̂i denote the empirical market share, i.e., q̂i = si
s
. Corresponding to any vector y = {yi}i∈[n], consider the

random variable:
ỹ = q0 ◦ 0 +

∑
i∈[n]

qi ◦ yi.

Define the following operators:

Ê[y] = E[ỹ] =
∑
i∈[n]

qiyi,

V̂ar[y] = Var[ỹ] =
∑
i∈[n]

qiy
2
i −

∑
i∈[K]

qiyi

2

, and

ˆCov[y1,y2] = E[ỹAỹB ]− E[ỹA]E[ỹB ].

We have the following:

∇ logL(β|s, s0) = n
[∑

i∈[n] (q̂i − qi)
∑

i∈[n] pi (q̂i − qi)
∑

i∈[n] ri (q̂i − qi)
]

and H ≜ ∇2 logL(θ|s, s0) = −n

q0
∑

j qj q0Ê[p] q0Ê[r]
q0Ê[p] V̂ar[p] ˆCov[p, r]

q0Ê[r] ˆCov[p, r] V̂ar[r]


For given s0, H is negative semi-definite.19 Hence, f.o.c.’s identify the MLE of β. Since s0 is unknown, we identify
the maximum likelihood estimates for β, denoted by βMLE using the EM approach.

C.1 EM-Algorithm

1: Input: s,p, r, n, ε
2: β0 ← 0, ω ← 0
3: repeat
4: ω ← ω + 1 ▷ E-Step
5: for i ∈ [n] do
6: ui ← βω

0 + βω
p pi + βω

r ri
7: qi ← eui

1+
∑

j∈[n] e
uj

8: s0 ← q0
1−q0

s

19This follows from the fact that the variance-covariance matrix of a multivariate distribution is positive definite.
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9: end for ▷ M-Step
10: βω ← argmaxβ∈ℜ3 logL(β|s, s0)
11: until ∥βω − βω−1∥ < ϵ

We now substitute βMLE (obtained from the above approach) in H. In particular, q ≡ q(βMLE). We identify the
inverse of H, denoted by H−1. The standard errors of βMLE corresponds to the diagonal elements of H−1.

C.2 Estimation Results

To estimate the model coefficients in (C.21), we use data across 24 weeks for 11 products from Wang et al. (2014).
We pool the data across the 24 weeks to estimate β. Our estimation results are shown in Table 1 and reproduced
below for easier reference.

βp βr β0

Estimate -0.0017∗∗∗ 0.103∗∗∗ 0.0109
Std. Error 0.000098 0.004 0.54

∗p < 0.1, ∗∗p < 0.05, ∗∗∗p < 0.01

Appendix Table C1. Estimation Results

C.3 Alternate Consumer Utility Model: Product-Specific β0

Consider the maximum likelihood estimation procedure where the consumer utility model is as follows:

ui =

β0 +
∑

j∈[n−1]

β0jI{j=i}

+ βppi + βrri + ϵi, i ∈ [n], u0 = 0, (C.22)

ϵi are i.i.d. Gumbel random variables. β0j is a product-specific intercept, and I{j=i} is the product-specific dummy
variables, with product n as the reference product.

We follow an identical procedure as explained in Section C.1 to estimate the coefficients in (C.22). The estimates are
presented in the table below.

Estimate Std.Error

β0 1.42× 10−5 0.0895
βp −1.6× 10−3∗∗∗ 0.0003
βr −1.06× 10−4 0.0161
β1 −3.01× 10−4 0.1126
β2 2.28× 10−4 0.1147
β3 7.01× 10−5 0.1158
β4 2.43× 10−5 0.1127
β5 2.05× 10−4 0.1130
β6 −5.90× 10−5 0.1165
β7 1.49× 10−4 0.1147
β8 1.77× 10−4 0.1164
β9 −1.05× 10−4 0.1120
β10 −5.01× 10−5 0.1162

*p < 0.1, **p < 0.05, ***p < 0.01

Appendix Table C2. Estimation Results: Product-Specific β0
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D Verification: Equation (26) Satisfies Assumption 1

To save notation, we denote x̃i =
xi
βr

, and yi = vtri
x̃i

R−rtri −x̃i
. Then, we re-write (26) as

hi (y(x̃i)) = k1yi(x̃i) + k2y
2
i (x̃i). (D.23)

To verify Assumption 1(a), we derive h′
i(xi) and h′′

i (xi) as

h′
i(xi) = k1

dyi
dxi

+ 2k2yi(x̃i)
dyi
dxi

=
dyi
dxi

(k1 + 2k2yi(x̃i))

(D.24)

h′′
i (xi) =

d2yi
dx2

i

(k1 + k2yi(x̃i)) + 2k2

(
dyi
dxi

)2

(D.25)

By direct calculation, we have:
dyi
dxi

=
1

βr

dyi
dx̃i

=
vtri (R− rtri )

βr(R− rtri − x̃i)2

d2yi
dx2

i

=
2vtri (R− rtri )

β2
r (R− rtri − x̃i)3

(D.26)

Since x̃i ∈ [0, R − rtri ) and rtri ∈ [0, R), Assumption 1(a) is satisfied. Next, we verify Assumption 1(b) by showing

that
h′′
i (xi)

h′
i(xi)

≥ 1. Recall from (D.24), (D.25) and (D.26), we have:

h′′
i

h′
i

=
y′′
i (k1 + k2yi) + 2k2(y

′
i)

2

y′
i(k1 + 2k2yi)

=
y′′
i

y′
i

+
2k2y

′
i

k1 + 2k2yi

≥ 2

√
2k2y′′

i

k1 + 2k2yi

= 2

√√√√√√√
4k2vtri (R− rtri )

β2
r (R− rtri − x̃i)

2︸ ︷︷ ︸
<(R−rtri )2

(
k1(R− rtri ) + (2k2v

tr
i − k1)x̃i

)︸ ︷︷ ︸
<((2vtr

i +1)k2−k1)(R−rtri )

>
4k2 − vtri

β2
r (R− rtri )

2 ((2vtri + 1) k2 − k1)︸ ︷︷ ︸
♢

For any seller i ∈ [n] and k1 > 0, ♢ is a bijection: k2 ∈ [0,+∞] → [−∞,+∞]. That is, ∀i ∈ [n] and k1 > 0, there
exists k2 ∈ [0,+∞] such that ♢ > 1. This completes our verification for Assumption 1.
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